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Abstract: The structural members subjected to severe thermal environments are generally encountered in high speed
flows. The optimization of these structural members needs a coupled Fluid -Thermo-Structural analysis. As a first step
towards a coupled Fluid -Thermo-Structural analysis, an unsteady 3-D Thermo-Structural analysis is attempted in the
present work. As finite volume method is the most popular method for fluid flow analysis. The same methodology is
adopted for thermo-structural analysis in the present work. An implicit time stepping is adapted to achieve uniform
time stepping while solving heat conduction and structural dynamics equation. The implementation of implicit scheme
results in a system algebraic equations and are solved using Bi-Conjugate Gradient Stabilized (Bi-CGStab) method.
The space discretization is carried out using arbitrarily oriented tetrahedral elements and a new least square based
methodology is used for the evaluation of derivatives avoiding the reconstruction of variables at the nodes. As a first
step, an unstructured finite volume code for the solution of 3-D unsteady heat conduction equation is developed. The
code has been validated for various Neumann and Dirichlet boundary conditions. The results are compared with the
analytical solution available for semi-infinite body heat conduction and are found to be in good agreement. Then the
code is further extended for the unsteady structural dynamics equations and an integrated linear elastic Thermo-
Structural analysis was carried out for the case of internally heated hollow sphere. The unstructured finite volume
method in conjunction with Bi-CGStab solver results in an efficient unsteady Thermo-Structural solver and can be
easily extended for an integrated Fluid-Thermo-Structural analysis.
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I. INTRODUCTION

The structural members subjected to severe thermal environments are generally encountered in high speed flows.
Design of such hypersonic vehicle structures depend on accurate prediction of the aero-thermal loads, structural
temperatures and their gradients, as well as structural deformation and stresses. So an integrated multi disciplinary
analysis procedure is required for accurate, timely prediction of coupled response of these structural members. To meet
the above analysis requirement for hypersonic vehicles the NASA Langley Research Center was developed an
integrated Fluid-Thermal-Structural (LIFTS) analyser using Finite element methods [3].

In this project work, the aim is to simulate coupled Thermo-Structural problem, by using the three-dimensional
unstructured finite volume method applying Bi-CGStab method [9] as the numerical solution tool. The work deals with
the unstructured finite volume method for the analysis because the method takes full advantages of an arbitrary mesh,
where large number of options are open for the definition of the control volumes around which the conservation laws
are expressed. In addition, by the direct discretization of the integral form of the conservation laws we can ensure that
the basic quantities mass, momentum and energy will remain conserved at discrete level. The finite volume method is
well established as well as an efficient method for solving fluid flow problems and can be extended to other problems
like heat transfer and structural analysis because the fact that the governing equations achieve similarity with fluid flow
problems. In this work, tetrahedron elements are used for the space discretization because of its flexibility in meshing
and will give very good results for all complex geometries. The unstructured finite volume method is well accepted as
the method for CFD, a computer code for the Thermo-Structural analysis using the same method is expected to pave
the way for an integrated Fluid-Thermo-Structural analysis methodology using this method.

Il. MODELLING AND FORMULATION OF THERMO-STRUCTURAL ANALYSIS

A. Mathematical modelling

The governing equations for the unsteady heat conduction equation and structural dynamics are described in this
section A. The resulting equations are cast into a divergence form so that the finite volume method can be applied.
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1) Governing equations for thermal analysis.
The general 3D heat conduction equation in Cartesian coordinates without heat generation is given by,
ar ary 8 ar) @ ar
o K K K =0 (1
PP ax[ "axJ ay( yayj az( ZazJ v
Where, p is the density, C, is the specific heat, K, K, K, are the orthotropic conductivity along x, y and z directions.
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Defining ¢, — =Ky o LGz =K, the above equation can be written as,
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The above equation can be written in divergence form as follows,

Gl
PCp — + VA= 0 (3)

2) Governing equations for Thermo-Structural analysis
The governing equation of structural dynamics is the equilibrium equations. Neglecting the body forces the equilibrium

equations are given by,
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Where u, v, w are the displacements in x, y and z directions, Ty, Tyy, Tz, are the normal stress components, Tyy, Txz, Ty,
are the shear stress components.
The normal stress components can be written in terms of normal strain components as follows,

_ (M)(%Z) [1-0) 0+ 0(ey, + £2)]- BT ~Tii) e (7)

Tyy = m [(1 0)-&yy + (& + gzz)] B =T ) e (8)

Ty = m[(l 0)éy +o(ey+é y)] BT =Tipit) o (9)

Where &, €y, £, are the strain components along x, Yy, z directions respectively, E = Young’s modulus, ¢ = Poisson’s
ratio, s— E%_, Where , is the coefficient of thermal expansion.

T is temperature at the specified location in the material and is obtained by solving the heat conduction equation.
Tinit IS the initial temperature of the body.
The shear stress components can be written in terms of shear strain components as follows,

Tyy = 2HExy womenn (10)

Tyy = 2HExy womenn (11)

Tyy = 2H.Exy v .(12)

2u= ( E_ where M is the lames constant and also known as shear modulus.
l+o
The strain components are given in a matrix form,

Lo ) du o
X 2\ oy ox oz ox

o = [i“ ﬂj g 1(@+@] o (13)
2oy ox o 2\a oy

1fau, ow) 1fov ow ow
2\oz ox) 2\oz oy lord

Substituting the above strain-displacement relationships in stress-strain relationships and then substituting these stress-
strain relationships in the equilibrium equations, we get the equations in the divergence form as,

0°U
P V7= 0 (14)-

The above equations are similar to that of heat conduction equation and the finite volume method can be applied. The
unsteady Thermo-Structural analysis is performed in two steps at every time level. First the temperature distribution is
computed for the time step from the initial condition by solving the heat conduction equation with appropriate
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boundary conditions. The temperature distribution obtained is used along with structural boundary conditions to obtain
the displacements u, v, and w by solving the structural dynamics equation for the same time step. The above
methodology is repeated for time marching. The solution methodology and details are given in the next section B.

B. Finite volume formulation

1) Finite volume formulation for thermal analysis

As explained in the previous section, for Thermo-Structural analysis first we need to solve the heat conduction equation
to get the temperature distribution in the body.
By integrating equation (3) we get,

ot
\J/' (pCp EJrv.qjdv =0 (15)

T - T -
oC,V; d—'+jq. nds=0 = pC,V; LU Y qns=0
dt dt
S All. faces.of .CV
For discretization we have used unstructured tetrahedron elements so the above equation can be written as,
dT,

4 —
= pC,V; d—t‘+2q. N.S = 0. (16)
1

dT;
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+O3ySay +ay-Say + 3,51z + Uax-Sax +ay-Say + sz Sa ): 0 (17)
Where, Vi is the volume of element, Sy, Syy, Sy, are the projected face area of the face-1 along X, y and z respectively,
Sox Says Sy, are the projected face area of the face-2 along x, y and z respectively, Ss,, Ss,, Ss, are the projected face
area of the face-3 along x, y and z respectively and S, Say, S4, are the projected face area of the face-4 along X, y and z
respectively. The different faces of the tetrahedron are shown in the Fig.1. The convention used is the face opposite to
node 1 is named as Face 1 and so on.

Face 3

Fig.1. Different faces of a tetrahedron element

dT, < oT oT T
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The above can written as follows,
dT;
=pC.V.—+F =0.... 19
PC, Vi + Fi (19)

Explicit and implicit time stepping schemes can be used for the integration of these system of ordinary differential
equations. Explicit schemes are conditionally stable and many times the time steps become extremely small for many
practical problems. The advantage is that the residue can be explicitly evaluated from the values of the primitive
variables known at the previous time step. Though the implicit schemes are unconditionally stable, the residues are to
be computed on the current time level which involves the solution of the matrix system which is symmetric/non-
symmetric. The iterative solution technique, Bi-CGStab method can be used effectively here as it can be modified as an
element-by-element solver.
The above equation (19) is solved by pure implicit time integration (for implicit scheme “F” is evaluated for T™ e
for the value at the next time step (t+At) as follows,

n+l T n

=pC,V, -+ F" =0....... (20)
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As first step for finding the fluxes (F) over the four faces of the tetrahedron, we need the derivatives to be evaluated at
these faces and it requires the evaluation of T and its derivatives in X, y and z directions. The primitive variables are
averaged between the elemental values on either side of the face and the derivative evaluation is explained in section 3.
The present method of derivative evaluation totally avoids the reconstruction of variables from elemental value to nodal
values. With the evaluation primitive variables and their derivatives, the fluxes on each of the four faces of the
tetrahedron can be evaluated. Multiplied by the projected surface areas and summing up gives the residue for each
element and the above equation reduces to a form AX-B=0 and is solved using Bi-CGStab method. The algorithm for
Bi-CGStab this method is given below,

Compute ry =B—Axq for some initial guess X0

Po =% =0 =1; vy =P =0

Iteration starts n=1,2,3 ......... do
T . 0
Pn=ry fhq i Bp=-—m.—0L
Pn1 ®na

Pn =lpq +Bn (pn-l _mn—l'”n-l)

. P

vy =App ; op = Tn

ro 'l)n
Sn =rn_1—(ln.1)n

T

th' S
th =ASp ;  op :%

th tp

Xn :Xn_l +anPn +(.0nSn

'n =Sn —ontp
Check convergence; continue if necessary
End do

The main advantage of the Bi-CGStab solver is that it requires always the residue B-AX or the column vector [A]J{x}
which totally avoids the assembly of matrix [A]. For iterative improvement of the solution, the L.H.S of the above
equation is computed with different values of unknown T and the solution proceeds to make L.H.S—R.H.S to zero. It is
reported that the convergence of Bi-CGStab method is fast. Hence this solver is used in the present effort to solve the
system of equations resulting from the application of unstructured finite volume method to the 3D unsteady heat
conduction equation. Once the temperature distributions are known, the next step is to solve the structural dynamics
equation for a coupled Thermo-Structural analysis and is discussed in the following section 2.

2) Finite volume formulation for thermo-structural analysis
To solve for “u” displacement integrate equation (14)

j[pgi;'—v.rjdv =0... (22)

2
= Y ddt;‘i —J'r.ﬁ.ds = 0. (23)
S

du; -
SNi—g = D 7N =0.... (24)
dt All. faces.of .CV
For a tetrahedron it can be written as,
2 4

:>pvi%—2‘r.n.s=0 .......... (25)
1
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Where, 14 is the normal stress component along x-direction on face-j, ty.j is the shear stress component along y-
direction on face-j, 14, is the shear stress component along z-direction on face-j and Sy, Sy.j, S.jare the projected face
area of the face-j along x, y, z-directions respectively.

The above equation can be written as,

d’u [, ( au v | U ow
oV dtzl —Z{ 2!!(&) —ﬂ-(Tj _Tref) Six+|u ng& Siy+ ,Ll[a-%-&) Si s =0 (27)
L i i) | i|
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Similarly we can write for “v” as,
dy, & (o avj [avj | (8\/ aw)
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Similarly we can write for “w” as,
d?w ~ au ow N aw ow
V, L —+— ; —+— ; 2u — | =BT T i r =0 (2
PVi dt? ;{{u(az + ax)j:|ij+|:ﬂ(az+ WJJSJ)W{ /1[ azjj ,B( j ref) SJz} 0 ( 9)

For the evaluation of “u “equation (27) can written as follows,
dy
= oV, ?2' +Fj e (30)

The above equation can be solved implicitly. For Implicit scheme “F” is evaluated for u;"" i.e. for the value at the next
time step (t+At),

n+1 n n-1
Sy SR FU e g (31)
At
u»n+1 et _2u_n +u_n 1
=i~z *F TV yveml (32)

v n+1
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n-1
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2

The computation of fluxes over the four faces requires the evaluation of u, v and w its derivatives in X, y and z
directions. The primitive variables are averaged between the elemental values on either side of the face and the
derivative evaluation is explained in section 3. Once the computation of the fluxes over all the faces are completed, the
above equation reduces to a form AX-B=0 and is solved using Bi-CGStab method to get u, v and w.

3) Evaluation of derivatives

To calculate the flux terms, the first order derivatives that appear in the implicit formulation are to be

like 90 20 0©

oy
evaluated at faces of the tetra element. The derivatives are calculated at face using Taylor series based least square
method. Let “® “be the variable (u, v, w or T) and from the Taylor series we can write @ as,
oP
—+
8%
Higher order terms are neglected since the value is small. If the values of the function are known at a points or
neighbours (i = 1 to n, n = total number of neighbours and the subscript “ f “ represents the face center value), we can
approximate the derivatives of the function at the reference node (face centered value) by solving a system of linear
equations. For such an approximation we select the points i = 1 to n, we are in the immediate neighbourhood of the
reference point. The above equation can be written in the form,

D(X,y,z) =D; +(X—X¢)a+(y—ys)b+(z—2z¢)cC

D(X,y,2) = D; +(x—xf)%§+(y—yf) (z—zf)aa—q)+ (Higher order terms) ......... (35)
Z

Where,azaﬁ,b:aﬁ c:‘lq)
X oy oz
(@ —df)— (x—xg)a—(Y—Y¢)b—(z2—2;)c =0 (36)
The above equation is of the form,

d(x,y,z) =ax+by +cz
The derivative evaluation for each face is to be unique as the face is shared by two elements on either side having two
cell-centre values of the variable which is insufficient to compute the derivatives. One option is to reconstruct the three

Copyright to IJIRSET Www.ijirset.com 1393


http://www.ijirset.com/

e ISSN: 2319-8753

I'a' @ International Journal of Innovative Research in Science, Engineering and Technology
ITIRSET Vol. 2, Issue 5, May 2013

nodal values of the variables from the neighbouring cell centre values and then use them along with the two cell centre
values to get the derivatives. This is quite time and memory consuming process. Hence an efficient and unique
derivative evaluation directly from the cell centre values is developed. As the face is shared by two elements, we have
the cell centre values of all the four neighbours of each element (see Fig.2). As we have now three unknowns (a, b and
c) and eight equations, a least square based methodology is used to determine the derivatives.

4

% 3 .Celi centers

)
1 AN
4 Face-14 %) V) pa0
[} * v
4 N I\ 5
. £ NS /
6 i X I\ 2 pS L/
« AN R 3
. RS A
IRk N> 3 B® 3 —nodes
& b 5y
1 2& Ll
. Face /_#3
2 _ 23 )
1% center 0 1

Wer2 2

L2 ¢
Fig.2. Cell center values used for the evaluation of the gradient trough faces

The Least square method of evaluating gradients is as follows,

8
R="[(®; = ®1) = (=) a=(¥; ~¥¢).b= =2 )| (37)
i=1

2 2 2
To evaluate a, b and ¢, we need to differentiate R? w.r.t a, b, ¢ and equate to zero i.e.—— R =0, % =0, %
0a
2
Differentiating w.r.t “ a “ we get, R ZR% =0= R@ 0
oa oa oa

8 8
D l@ =) =0 —xg)-a=(y; —y4)-b— (2 —2¢ )] [x D (x; =) =0

i=1 i=1

:»Zx—xf)(x—xf)mZ(y. yf)(x—xf)b+2z—zf (X; =X ). Z(cb —®p).(% — X¢)

Similarly dlfferentlatlng w.rt“ b we get

8 8
R—:Z(x £ - yf)a+2(y. V)0 = Y1)+ Y (@ =20 —Yp)e= D (@ —Dp).(¥; — ¥r)
i=1 i=1 i=1
Similarly dlfferentlatlng w.r.t“ ¢ “we get

R—: Z(x —X¢)-(zi ~ 2¢). a+2(y. Ye)-(z; zf)b+2(z ~2¢).(zi - 2¢).c = Z(cbi - ®y).(z; - 2¢)
i=1
The above set of equatlons can be written in matrix form as follows

- ]
Z(x = X¢)-06 = X¢) Z(y. ye)-06 = X;) Z(z ~2¢).(; = Xy) D (@)%~ Xy)

i 1 1 a i=1
8

: Z(yi —¥)-(4 =) Z(yi ~ye)-(% — Vi) Z(zi ~20).(% Vo) | b [=| D (@ = D). = X¢) | oo (38)
i-1 i=1 =1 i-1
8 8 8 c 8
Z(Zi_zf)-(xi_xf) Z(Zi_zf)-(yi_yf) Z(Zi_zf)-(zi_zf) Z(CDi_ch)-(Xi_Xf)

Li=l

To improve the accuracy, the Welghts have been mcorporated for the evaluatlon of derivatives. i.e. from con5|der|ng the
distance from eight cell center values. The above matrix can be solved for a, b, ¢ using crammers rule. After evaluating

the derivatives of T, u, v, and w on each face, the average fluxes Qy,0Qy,0; Ty Tyy T2 1 Txy 1 Txzs Ty, are evaluated

and summed over all the four faces for each tetrahedron to compute A and B of the system of equations which is solved
using Bi-CGStab method.
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I11. SOLUTION OF HEAT CONDUCTION AND INTEGRATED THERMO-STRUCTURAL ANALYSIS

A. Solution of unsteady heat conduction equation

As a first step the unstructured finite volume methodology described in the previous chapters, first applied to the
solution of 3-D unsteady heat conduction equation. To test the efficiency and accuracy of the code, a standard test case
of a one dimensional semi-infinite solid slab is considered for the validation of the heat conduction solver for various
boundary conditions. A rectangular slab (50mmx5mmx5mm) as shown in Fig.3 was considered as the computational
domain.

e
o

T iy
e o

Fig.3. Semi-infinite body

The length and time were selected to ensure the semi-infinite condition. The computational domain is discretized into
tetrahedron elements having 17143 elements and 3861 nodes. The aspect ratio of the tetrahedral elements was kept
close to one. The Gambit software was used to generate the mesh and a FORTRAN code was written to get the
unsteady temperature distribution. The grid independency test was also carried out to check the grid dependency of the
solution.

1) Validation of heat flux boundary condition

For the validation of heat flux boundary condition, one end of the slab is suddenly exposed to a heat flux of quantity
“q“ and all the other faces are insulated. Initially the slab was at a temperature T,. The analytical solution for a semi-
infinite body with a heat flux boundary condition is given in J.P. Holman [10]. The unsteady temperature at any point
in a semi-infinite solid for a heat flux boundary condition is given by,

- 2q /L‘t -2 92\ 1 _erf| 2
I(z,t)_T0+[ 5 j{ t Jexp(4 tt] (kj[l e [2 JN ....... (39)
Where,

T is the temperature at any point, T, is the initial temperature, q is the applied heat flux and z is the distance from the
hot XY plane to a point where the temperature is measured at time “t “and ¢ is the thermal diffusivity.

Following are the properties used for the validation of the heat flux boundary condition,

Density, p = 1000 kg/m®, Specific heat, C,= 2000 J/kgK, Conductivity, K, Ky, K, = 20 W/mK

i) Boundary condition (B.C):- qg=10000 W/m? at Z=0.0 All other faces are insulated.

i) Initial condition (1.C):- T(x, y, z, 0) =T;=300.0 K

With the above boundary and initial conditions, the code results are exactly matching with the analytical solutions as
shown in Fig.4 (a). From this figure we can see that the temperature increases with time at any point in the slab. Since
the considered computational domain is just to validate the heat conduction code, the time integration is selected in
such a way that the semi-infinite condition is not violated. The contour plots for the slab after 10sec is shown in Fig.4

(b).
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a) Temperature Vs Distance (Heat flux B.C) b) Contour plot of temperature after 10 sec ( Heat flux B.C)

Fig.4. Temperature Vs Distance and contour plot of temperature after 10sec (Heat flux B.C)

2) Validation of convection boundary condition

For the validation of convection boundary condition, one end of the slab is suddenly exposed to convection and all the
other faces are insulated. Initially the slab was at a temperature T,. The analytical solution for a semi-infinite body for a
convection boundary condition is given in J.P. Holman [10]. The unsteady temperature at any point in a semi-infinite
solid for a convective boundary condition is given by,

- - - 2 || g P2 PPt | 2z hjat
T(2t)=To+(T, To)Ml en‘[Z‘/a_tt]) exp[k — ][1 en‘[z TR m ....... (40)
Where,

T, is the ambient temperature and h is the heat transfer coefficient.

Following are the properties values used for the validation of the boundary condition,

Density, p = 7900 kg/m®, Specific heat, C,= 545 J/kgK, Conductivity, K, , K, K,=35W/mK,

Heat transfer coefficient hgyer =1500 W/m? K

i) Boundary condition (B.C):- T,,= 2200 K at Z=0.0, All other faces are insulated.

i) Initial condition (1.C):- T(x, Y, z, 0) =T;=300.0 K

With the above boundary and initial conditions, the code results are exactly matching with the analytical solutions as
shown in Fig.5 (a). The contour plots for the slab after 10sec is shown in Fig.5 (b).

00 %
5

10sec . 850
" B Analytical-10sec 800
w0 & \ Gsec + Numerica-10sec

o

s TN 3sec W Analytical-6sec
X 200 N -
£ LAY + Numerica-6sec
4 W 1sec
2w '1 \ B Analytical-3sec
|4

b

@ .
E. * Numerica-3sec
'2 500

m Analytical-1sec

+ Numerica-1sec

Distance in mm (Z-Axis)

a) Temperature Vs Distance (Convection B.C) b) Contour plot of temperature after 10 sec (Convection B.C)
Fig.5. Temperature Vs Distance and contour plot of temperature after 10sec (Convection B.C)

3) Validation of isothermal boundary condition

For the validation of isothermal boundary condition, one end of the slab is suddenly exposed to a constant temperature
and all the other faces are insulated. Initially the slab was at a temperature T,. The analytical solution for a semi-infinite
body for an isothermal boundary condition is given in J.P. Holman [10]. The unsteady temperature at any point in a
semi-infinite solid for an isothermal boundary condition is given by,
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z

T(z,t) =T, +(T, =T, Jerf

Where,

T, is the temperature applied at one end of the boundary.

Following are the properties values used for the validation of the boundary condition,

Density, p = 1000 kg/m®, Specific heat C,= 2000 J/kgK , Conductivity, Ky, K, , K, =20 W/ mK

i) Boundary condition (B.C):- T;=500 K at Z=0.0, All other faces are insulated.

i) Initial condition (1.C):- T(x, Y, z, 0) =T,= 300.0 K

With the above boundary and initial conditions, the code results are exactly matching with the analytical solutions as
shown in Fig.6 (a). The contour plots for the slab after 10sec is shown in Fig.6 (b).
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a) Temperature Vs Distance (Isothermal B.C) b) Contour plot of temperature after 10sec (Isothermal B.C)

Fig.6. Temperature Vs Distance and contour plot of temperature after 10sec (Isothermal B.C)

4) Summary of heat conduction simulations

The computer code developed for 3-D unsteady heat conduction equation is validated against the analytical solutions as
well as published numerical solutions for isothermal, heat flux, convective and radiation boundary conditions available
for the semi infinite slab for various boundary conditions. It was found that the solution methodology is accurate,
robust using Bi-CGStab solver. The code is now extended for the simultaneous solution of heat conduction equation
and structural dynamics equation for an integrated thermo structural analysis.

B. Solution of integrated thermo-structural analysis

As the results of the structural deformation are not affecting the heat conduction solution, the heat conduction and
thermo structural solution is solved in an uncoupled manner. From the initial condition the temperature distribution in
the body is computed for the first time step by solving the unsteady heat conduction equation. Using this temperature

distribution the equations for the displacements u, v, and w are solved. The above process is repeated till steady state is
achieved.

Fig.7. Spherical shell
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As analytical solutions are not available for unsteady Thermo-Structural analysis, for the validation of the integrated
Thermo-structural solver a hollow sphere [11] shown in Fig.7 with a steady heat flow case was considered. The
temperature distributions obtained were used to determine the deformation of the hollow sphere.
Assuming (i) No body force acts on the sphere,
(ii) The temperature distribution in the sphere is,

7Tbb—Taa+(Tb—Ta)ab

= "a (b-a)r (42)

Where,
a and b are the inner and outer radius of the hollow sphere (see Fig.7.).
T, and Ty, are the temperatures at the inner and outer surfaces.
iii) The surfaces at R =aand R = b are traction free.
The radial displacement in the hollow sphere as follows,
_ Qe (rbfTa)a 2b3

" o) b*-a%)
Where,
o is the Poisson’s ratio and a, is the coefficient of thermal expansion.
A hollow sphere of inner radius 50mm and outer radius 60mm is analysed using the computer code developed. The
symmetry is not utilized and the problem is analysed as a 3-D Thermo Structural analysis. The inner temperature is
kept as 500K and outer temperature as 300K. The properties for the analysis are, Density, p = 2700 kg/m°®, Specific heat,
C,=903.0 J/kgK, Conductivity, K, Ky, K, =237.0 W/ mK
Young’s modulus, E = 70.0E9N/m?, Poisson’s ratio, ¢ = 0.35, Coefficient of thermal expansion, o, = 23.1E-6 m/mK

Fig.8. Computational domain of Sphere

The computational domain as shown in Fig.8 was discretized using unstructured tetrahedron elements having 111014
elements and 25333 nodes. For the validation the computer code developed, first the steady state temperature
distribution was obtained and this temperature distribution was used to find the displacements. The steady state results
for displacements obtained by the solver are discussed in the following sections.

1) Internally heated sphere

For an internally heated sphere, the inner surface temperature is kept as 500K and outer surface temperatures as 300K.
As a first step the steady state temperature distribution obtained for the above boundary conditions. This temperature
distribution was used to determine the deformation in the hollow sphere. The results obtained from code developed
were accurate enough. The radial displacements is shown in Fig.9 (a) and the contour plots for u, v and w are shown in
Fig.9 (b), (c), (d) respectively.
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a) Radial displacement in an internally heated sphere

c) Contour plot of " v"" in an internally heated sphere d) Contour plot of " w'" in an internally heated sphere
Fig.9. Radial displacement and Contour plots of u, v and w in an internally heated sphere.

2) Summary of Thermo-Structural analysis

The computer code developed for 3-D unsteady integrated thermo structural analysis is validated against analytical
solutions for the case of internally heated hollow sphere. It was found that solution methodology is accurate and
versatile using Bi-CGStab solver. The code is now can be extended for a coupled Fluid-Thermo-Structural analysis in
future.

IV.CONCLUSION

An unstructured finite volume method is developed for 3-D unsteady integrated thermo structural analysis. An implicit
time stepping method is adopted and the resulting system of algebraic equations are solved using an efficient Bi-
CGStab solver. A unique least square based methodology is used for the derivative evaluation using cell-centre values
avoiding time consuming nodal reconstruction. As a first step, an unstructured finite volume code for the solution of 3-
D unsteady heat conduction equation is developed. The code has been validated for various Neumann and Dirichlet
boundary conditions. The results are compared with the analytical solutions available for semi-infinite body heat
conduction and are found to be in good agreement. Then the code is further extended for the unsteady structural
dynamics equations and an integrated linear elastic Thermo-Structural analysis is carried out for the case of internally
heated hollow sphere. The unstructured finite volume method in conjunction with Bi-CGStab solver results in an
efficient unsteady Thermo-Structural solver.
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